Recently exact results for the complete fermionic two-loop contributions to the prediction for the W-boson mass from muon decay in the electroweak Standard Model have been published [1] . This paper illustrates the techniques that have been applied for this calculation, in particular the renormalisation procedure and the treatment of IR-divergent QED contributions. Numerical results are presented in terms of simple parametrisation formulae and compared in detail with a previous result of an expansion up to next-to-leading order in the top-quark mass. An estimate of the remaining theoretical uncertainties of the M W -prediction from unknown higher-order corrections is given. For the bosonic two-loop corrections a partial result is presented, yielding the Higgs-mass dependence of these contributions. * email: Ayres.Freitas@desy.de †
Introduction
One of the most important quantities for testing the Standard Model (SM) or its extensions is the relation between the massive gauge boson masses, M W and M Z , in terms of the Fermi constant, G µ , and the fine structure constant, α. This relation can be derived from muon decay, where the Fermi constant enters the muon lifetime, τ µ , via the expression (1 + ∆q) ,
with F (x) = 1 − 8x − 12x 2 ln x + 8x 3 − x 4 . By convention, this defining equation is supplemented with the QED corrections within the Fermi Model, ∆q. Results for ∆q have been available for a long time at the one-loop [2] and, more recently, at the two-loop level [3] . Commonly, tree-level W propagator effects giving rise to the (numerically insignificant) term 3m Comparing the prediction for the muon lifetime within the SM with eq. (1) yields the relation
where the radiative corrections are summarised in the quantity ∆r [4] . This relation allows a prediction of M W , to be tested against the experimental result for M W . The current accuracy of the measurement of the W-boson mass, M exp W = 80.451 ± 0.033 GeV [5] , will be further improved in the final LEP analysis and Tevatron Run II [6] , each with an error of δM W ≈ 30 MeV. At the LHC, an error of δM W ≈ 15 MeV can be expected [7] , while a high-luminosity linear collider running in a low-energy mode at the W + W − threshold could reach a reduction of the experimental error down to δM W ≈ 6 MeV [8] . This offers the prospect for highly sensitive tests of the electroweak theory [9] , provided that the accuracy of the theoretical prediction matches the experimental precision.
The quantum correction ∆r has been under extensive theoretical study over the last two decades. The one-loop result [4] involves large fermionic contributions from the shift in the fine structure constant due to light fermions, ∆α ∝ log m f , and from the leading contribution to the ρ parameter, ∆ρ, which is quadratically dependent on the top-quark mass m t , resulting from the top-bottom mass splitting [10] ,
with s Beyond the one-loop order, resummations of the leading one-loop contributions ∆α and ∆ρ have been derived [11] . They correctly take into account the terms of the form (∆ρ) 2 , (∆α∆ρ), and (∆α∆r rem ) at the two-loop level and (∆α) n to all orders.
Beyond the two-loop order, complete results for the pure fermion-loop corrections (i.e. contributions containing n fermion loops at n-loop order) are known up to four-loop order [12] . These results also include the contributions arising from resummation of ∆α and ∆ρ. Recently, the leading three-loop contributions to the ρ parameter of O(G t ) have been computed in the limit of vanishing Higgs boson mass [13] , but were found to have small impact on the prediction of the W mass.
Higher order QCD corrections to ∆r have been calculated at O(αα s ) [14] and for the top-bottom contributions at O(αα 2 s ) [15] . The O(αα 2 s ) contributions with light quarks in the loops can be derived from the formulae (29) - (31) in [16] and turn out to be completely negligible. First results for the electroweak two-loop contributions have been obtained using asymptotic expansions for large Higgs [17] and top-quark masses [18, 19, 20] . Concerning the expansion in m t , the formally leading term of O(G 2 µ m 4 t ) [18, 19] and the next-to-leading term of O(G [20] were found to be numerically significant for the prediction of the W mass. Since both contributions turned out to be of similar magnitude and of same sign, a more complete calculation of electroweak two-loop corrections to ∆r without using expansions is desirable.
As a first step in this direction, exact results have been obtained for the Higgs-mass dependence (e.g. the quantity M W,subtr (M H ) ≡ M W (M H ) − M W (M H = 65 GeV)) of the fermionic two-loop corrections to the precision observables [21] . They were shown to agree well with the previous results of the top-quark mass expansion [22] .
For the bosonic two-loop corrections to ∆r, the complete result is not available up to now. However, in Ref. [23] the effect of the bosonic terms up to O(α 2 ) on the relation between the MS and on-shell definition of the gauge boson masses has been studied. For this purpose the corresponding two-loop self-energies have been evaluated in the MS-scheme using large-mass expansions.
This paper discusses the exact computation of all fermionic two-loop corrections to ∆r which has been presented recently [1] . These include all two-loop diagrams contributing to the muon decay amplitude and containing at least one closed fermion loop (except the pure QED corrections already contained in the Fermi Model result, see eq. (1)). Some typical examples are shown in Fig. 1 . No expansion in the top-quark mass or the Higgs boson mass is made, so that the full dependence on m t and M H as well as the complete lightfermion contributions at two-loop order are contained. Previously, corrections from light fermions have only been taken into account via resummations of the one-loop light-fermion contribution (the two-loop light-fermion contributions have been calculated within the MSscheme in Ref. [24] ).
The result of [1] has been included in the Standard Model fits and the indirect derivation of constraints on the Higgs boson mass performed by the LEP Electroweak Working Group [5] .
As a further step towards a complete two-loop result for ∆r, a partial result is presented for the purely bosonic electroweak two-loop corrections which yields the Higgs-mass dependence of these terms.
The paper is organised as follows. Sections 2-4 enlarge on the methods which were employed for the calculation of the fermionic two-loop corrections. While section 2 presents an overview over the techniques, the renormalisation procedure is explained in section 3 and the extraction of the QED corrections, which are already contained in the Fermi Model, is described in section 4. A discussion of the numerical results and remaining theoretical uncertainties due to unknown higher orders can be found in sections 5 and 6, respectively. In section 7 the Higgs-mass dependence of the bosonic two-loop corrections is studied. Before concluding, an outlook to the situation for future colliders is given in section 8.
Outline of the two-loop calculation
This section presents an overview over the main features of the calculation.
Since the definition of the Fermi coupling constant according to eq. (1) contains QED corrections in the Fermi Model summarised in the quantity ∆q, the corresponding contributions have to be identified and extracted from the Standard Model computation of muon decay in order to arrive at the quantity ∆r. As shown in section 4 below, all IR-divergent loop contributions in our calculation are already contained in ∆q, contributing to ∆r are IR-finite. As a consequence, after extraction of the Fermi Model contributions, it is possible to neglect the masses and momenta of the external particles, thereby reducing the generic diagrams contributing to the muon-decay amplitude to vacuum diagrams.
For the renormalisation the on-shell scheme is used throughout. It entails, in addition, the evaluation of two-loop two-point functions with non-zero external momentum, which is technically more involved. However, it should be noted that the evaluation of this type of integrals is generally necessary in all renormalisation schemes if the result shall be related to the physical gauge boson masses. The details of the renormalisation procedure are given in section 3.
Since the calculation involves the computation of more than thousand diagrams, it is convenient to employ computer-algebra tools. The generation of diagrams and Feynman amplitudes, including the counterterm contributions, was performed with the package FeynArts [25] . The program TwoCalc [26] was applied for the algebraic evaluation of these amplitudes, which were reduced, by means of two-loop tensor-integral decompositions, to a set of standard scalar integrals. Throughout the calculation, a general R ξ gauge was used, and the gauge-parameter independence of the final result was checked algebraically. For the evaluation of the scalar one-loop integrals and the two-loop vacuum integrals we have used analytical results as given in Refs. [27, 28] , while the two-loop two-point integrals with non-vanishing external momentum have been evaluated numerically using one-dimensional integral representations with elementary functions [29] . These allow a fast and stable calculation of the integrals for general mass configurations.
Since we use Dimensional Regularisation [30, 31] in our calculation, it is necessary to investigate the treatment of the Dirac algebra involving γ 5 . It is known that a naively anticommuting γ 5 respects all Ward identities of the Standard Model [32] . However, while it can safely be applied for all two-loop two-point contributions (for a discussion, see e.g. Ref. [18] ) and most of the two-loop vertex-and box-type diagrams, it would yield an incorrect result for vertex diagrams containing a triangle subgraph (see Fig. 2 ). This originates from an inconsistent treatment of the trace of γ 5 together with four Dirac matrices, which in four dimensions is given by Tr {γ 5 γ µ γ ν γ ρ γ σ } = 4iǫ µνρσ , while this trace would vanish when using the naively anti-commuting γ 5 in D dimensions.
A mathematically consistent definition of γ 5 in D dimensions [31, 33] would require the introduction of additional counterterms to restore the Ward identities, which is a very tedious procedure at the two-loop level. For recent discussions on this topic, see Refs. [35, 34] .
In order to calculate the class of diagrams in Fig. 2 , we have first evaluated the triangle subgraph with a consistent γ 5 according to Refs. [31, 33] (here we made use of the package Tracer [36] for checking). After adding appropriate counterterms to restore the Ward identities, the result differs from the result obtained using a naively anti-commuting γ 5 only in terms proportional to the totally antisymmetric tensor ǫ µνρσ , which are finite for D → 4. Inserting this difference term into the two-loop diagrams, it turns out that the second loop only yields a finite contribution, so that it can be evaluated in four dimensions without further complications. After contraction with the external fermion line in the vertex diagrams, a non-zero contribution to the result for ∆r is obtained from this term.
3 On-shell Renormalisation
One-loop renormalisation
In the on-shell renormalisation scheme the mass parameters and coupling constants are related to physical observables. The gauge bosons of the U(1) and SU(2) L group, B µ , W 1,2,3 µ are conveniently expressed in terms of their mass eigenstates,
where W ± µ , Z µ denote the fields of the massive vector bosons W, Z with masses M W , M Z , A µ represents the massless photon field, and the weak mixing angle enters in the combination
The eigenstates of the Higgs doublet are the physical Higgs field H with mass M H and the neutral and charged Goldstone bosons χ, φ ± . We neglect mixing between the fermion generations throughout.
In the following the conventions of [37] are adopted. In our approach all physical fields and masses as well as the electromagnetic coupling e are renormalised:
Here the index 0 indicates the bare quantities. The renormalisation constants for the masses, δM X , δm f , the fields, Z X = 1 + δZ X , and the charge, Z e = 1 + δZ e , are fixed by on-shell renormalisation conditions. The physical squared masses M 
The propagators are related to the one-particle-irreducible two-point functionsΓ by
HereΓ f L,R,S represent the left-/right-handed and scalar component of the fermion two-point functions, respectively. The two-point functions can be separated into a Born contribution and the self-energies,Γ
The hat indicates renormalised quantities, i. e.Σ = Σ + counterterms. In addition to the aforementioned renormalisation conditions, one has the freedom to renormalise the Higgs tadpole t. Here the condition
is applied, which requires that all tadpole contributions are exactly cancelled by the counterterms δt, so that no tadpoles need to be taken into account in the actual calculation. Using the renormalisation conditions eq. (8) one obtains for the renormalisation constants in eq. (7) at the one-loop level
with Σ / (k 2 ) indicating the derivative of the self-energy with respect to k 2 . For the charge renormalisation an additional condition is required. Usually it is fixed by demanding that the electric charge e coincides with the coupling of the electromagnetic vertex in the Thomson limit,
Employing the U(1) Ward identity this yields at one-loop order
The weak mixing angle is a derived quantity, expressed in terms of the gauge boson masses, see eq. (6) . Thus the renormalisation of M W , M Z also determines the counterterm δs W for s W [4] . At one-loop order one obtains
From two-loop order on, a one-loop sub-renormalisation is necessary for the FaddeevPopov ghost sector, which is associated with the gauge-fixing part. It is possible to keep the gauge-fixing part invariant under renormalisation. For technical convenience, we arrange for this by a renormalisation of the gauge parameters in such a way that it precisely cancels the renormalisation of the parameters and fields in the gauge-fixing Lagrangian.
1 To this end, we start with the following, rather general form of the bare gauge-fixing term:
allowing two different bare gauge parameters for both W and Z, ξ , and also mixing gauge parameters, ξ γZ and ξ Zγ . The renormalised parameters shall comply with the R ξ gauge, providing one free gauge parameter for each gauge boson, ξ γ , ξ Z , ξ W . With the following renormalisation prescription
no counterterm contributions arise from the gauge-fixing sector. Here we have allowed for field renormalisation constants δZ χ , δZ φ of the unphysical scalars χ, φ ± as well. Starting at the two-loop level, counterterm contributions from the ghost sector have to be taken into account in the calculation of physical amplitudes. They follow from the variation of the gauge-fixing terms F a under infinitesimal gauge transformations,
These contributions can be derived from the action of the gauge transformations on the gauge and Goldstone fields as follows,
We have derived all the counterterms arising from the ghost sector (extending the results of Refs. [38, 39] to a general R ξ gauge) and implemented them into the program FeynArts.
In this way we could verify the finiteness of individual (gauge-parameter-dependent) building blocks (e.g. the W-and the Z-boson self-energy) as a further check of the calculation. The explicit Feynman rules of the ghost sector including counterterms can be found in the appendix.
Two-loop counterterms
In the O(α 2 ) calculation of the muon decay, two-loop counterterms arise for the transverse W propagator and the charged current vertex:
+ (1-loop renormalisation constants) .
The numbers in parentheses indicate the loop order. Throughout this paper, the two-loop contributions always include the subloop renormalisation.
Concerning the mass renormalisation of unstable particles, from two-loop order on it makes a difference whether the mass is defined according to the real part of the complex pole of the S matrix,
or according to the pole of the real part of the propagator. In eq. (30) M denotes the complex pole of the S matrix as specified by the renormalisation conditions in eq. (8). M, Γ are then interpreted as the corresponding mass and width of the unstable particle. For the real pole, on the other hand, we use the symbol M . It is determined by
In the context of the present calculation, these considerations are relevant for the renormalisation of the gauge-boson masses, M W and M Z . The two-loop mass counterterms according to the definition of the mass as the real part of the complex pole are obtained from eq. (8),
When compared with the mass counterterms according to the real-pole definition, δ M 2 W, (2) and δ M 2 Z, (2) , there remains a finite difference,
It can easily be checked by direct computation that the difference terms in eqs. (34), (35) are gauge-parameter-dependent, thus showing that at least one of the two prescriptions leads to a gauge-dependent mass definition. The problem of a proper definition of unstable particles in gauge theories has already been addressed several times in the literature [40] . However, the present work, for the first time, involves an explicit calculation of a physical process which is sensitive to the gauge-parameter dependent difference between the two mass renormalisation methods. In the previous results for M W , incorporating terms up to [20] and M H -dependent fermionic terms [21] , the contribution Im Σ
was zero, making thus a strict distinction between the two mass definitions unnecessary at the considered order.
Using a general R ξ gauge, we can test the two mass renormalisation prescriptions in our result by regarding the two-loop counterterms to physical observables, which should be gauge-parameter independent. In particular, we only find an invariant result for the counterterm to the weak mixing angle, δs W, (2) , with the definition of the gauge-boson masses according to the complex pole.
In order to verify the gauge-parameter independence of the mass counterterms δM (2) one needs an appropriate treatment of the Higgs tadpole diagrams, which do not contribute to physical observables. Alternatively to eq. (13), one can include all Higgs tadpole diagrams in the calculation by demanding the tadpole counterterm to be zero, δt = 0. Technically, this corresponds to the inclusion of all tadpole diagrams not only in the two-loop self-energies, but also in the subloop renormalisation. In this case, also the mass counterterms themselves are gauge-parameter independent when using the mass definition via the complex pole.
These results confirm the expectations from S-matrix theory that the complex pole is a gauge-invariant quantity [40] .
We have thus adopted the complex-pole definition as given in eq. (32) and eq. (33) . Using this mass definition and expanding the gauge boson propagator around its pole
one obtains with the renormalisation conditions eq. (8)
which corresponds to a Breit-Wigner parametrisation of the resonance line shape with a constant decay width.
Experimentally the gauge-boson masses are determined using a Breit-Wigner function with a running (energy-dependent) width,
As a consequence of the different Breit-Wigner parametrisations, there is a numerical difference between the experimental mass parameters (denoted as M W , M Z henceforth) and the mass parameters in our calculation, M W , M Z . The shift between these parameters is given by [42] 
Since M W and M Z enter on a different footing in our computation -M Z is an experimental input parameter, while M W is calculatedin order to evaluate the mass shifts we use the experimental value for the Z-boson width, Γ Z = 2.944 ± 0.0024 GeV [5] , and the theoretical value for the W-boson width, which is given by Γ W = 3G µ M For an extension of the renormalisation formalism for unstable particles to higher loop orders and to the field renormalisation of unstable particles, see Refs. [43] . However, in a physical process with particles in the initial and final state whose mass can be neglected, a treatment of complex poles is only necessary for internal particles. Since the field renormalisation of internal particles does not contribute to the physical result, it is not necessary to examine this issue for our purposes.
The two-loop charge renormalisation constant follows from the condition eq. (16) . With the help of the U(1) Ward identity the electromagnetic vertex can be related to photonic two-point functions, thus resulting in the following relation between the renormalisation constants, which is valid in all orders of perturbation theory [39] :
Expansion up to O(α 2 ) yields
Furthermore the two-loop field renormalisation constants for the external leptons are needed in eq. (29) . These can be easily obtained in the limit of vanishing masses and momenta of the external fermions, yielding 
Extraction of Fermi Model QED contributions
In the evaluation of ∆r, the IR-divergent QED corrections that are already contained in the Fermi Model QED factor have to be extracted. For the two-loop calculation presented here, the corresponding Fermi Model contributions consist of virtual and real photonic corrections of order O(α) and of order O(α 2 ) with one closed fermion loop, see Fig. 3 , where it is understood that all lepton and quark flavours can appear in the loop. Denoting the virtual corrections to the Fermi Model by ∆q V and the real corrections by ∆q R , this reads
The calculation of the virtual corrections to muon decay in the full Standard Model involves box-type diagrams with IR divergences. In the following, all Standard Model contributions involving photons in the loop are encompassed by the quantity ∆τ . The one-loop QED corrections ∆τ (α) V originate from the diagram given in Fig. 4 (a) . At two-loop order one can distinguish between corrections with only electromagnetic couplings in addition to the tree-level couplings, ∆τ 
Note that the factor 2 in these formulae arises due to fact that ∆q enters linearly into the muon decay width, see eq. (1), while there is a quadratic dependence on ∆r, see eq. (2). The finite remainders are then combined with all remaining virtual Standard Model contributions into ∆r (α) , ∆r (α 2 ) . In eq. (45) ∆r
ferm corresponds to the non-QED one-loop corrections with a closed fermion loop.
Besides box-type diagrams, IR divergences are also present in the field renormalisation of the external leptons. Here the correspondence to the Fermi Model contributions is trivial.
Similar to the virtual diagrams, the real bremsstrahlung corrections to muon decay in the Standard Model can be divided into the one-loop contribution τ R,em/weak = 2 ∆q
In total, the contributions to the two-loop Standard Model matrix element amount to
which can be written in the factorised form at least up to two-loop order including one closed fermion loop. Contributions with two closed fermion loops at O(α 2 ) are not present in the Fermi Model and do not contain any IR divergences. Comparing eq. (49) with eq. (42) one obtains
showing that a factorisation of electromagnetic corrections to the Fermi Model and the remaining electroweak corrections in the Standard Model according to eq. (1), (2) is possible at least up to the given order. The calculation of the remaining terms ∆r fr , in which the QED Standard Model and Fermi Model contributions in eq. (43)- (45) differ, requires the subtraction of Fermi Model diagrams from Standard Model graphs, as shown in Fig. 6 . These terms are IR-finite but UVdivergent and therefore require regularisation. In our approach, dimensional regularisation turns out to be problematic for this purpose since for the computation of the fermion lines in diagrams like those in Fig. 6 we use the Chisholm identity
This identity, however, is only valid in 4 dimensions. In order to circumvent this problem we employ Pauli-Villars regularisation for the QED corrections to the Fermi vertex. The combination of these vertex corrections, Fig. 3 (a) , with the QED part of the field renormalisation of the external leptons forms an UV-finite quantity. It is therefore possible to evaluate this combination using Pauli-Villars regularisation (PaVi) and employ dimensional 
The index "em" at the field renormalisation constants δZ µL em , δZ eL em indicates that only the QED-like diagrams of the lepton self-energies are taken into account for the calculation of these constants. Since the Standard Model box diagrams are UV finite, they can also be computed with a Pauli-Villars regulator. Thus the cancellation of the IR divergences between the two terms in the first line of eq. (52) proceeds in a straightforward manner and no IR regulator is required.
A similar cancellation of IR divergences takes place for the terms in the second line of eq. (52) . This can be made explicit by introducing the Pauli-Villars regulator Λ in photon propagators according to the replacement
with k being the photon momentum. In the difference in the second line of eq. (52) this corresponds to the replacement of the photon propagator in the lepton self-energies by
It can be seen that this replacement effectively leads to the introduction of massive photons with mass Λ so that no IR divergences are present anymore.
Numerical Results
We shall now discuss the numerical evaluation of our result for ∆r. It should be noted that our definition of ∆r according to eq. (2) is based on the expanded form (1 + ∆r) with ∆r = ∆r (α) + ∆r (α 2 ) + . . . rather than on the resummed form 1/(1 − ∆r). The terms obtained at two-loop order from a resummation of leading one-loop contributions are directly contained in our two-loop contribution to ∆r. The following contributions to ∆r are taken into account ∆r = ∆r (α) + ∆r (ααs) + ∆r The symbolic notation (N f α 2 ) encompasses the contribution of all diagrams containing one fermion loop, i. e. both the top/bottom and light-fermion contributions. Correspondingly, the term ∆r (N 2 f α 2 ) contains the pure fermion-loop contributions in two-loop order. The pure fermion-loop contributions in three-and four-loop order turn out to be numerically small, as a consequence of accidental numerical cancellations, with a net effect of only about 1 MeV in M W (using the real-pole definition of the gauge-boson masses) [12] . Furthermore, also the leading three-loop contributions for a large top-quark mass in the limit of zero Higgs mass, proportional to α 3 m 6 t and α 2 α s m 4 t , have very little impact on the prediction of M W [13] . Therefore these two corrections have not been included in this analysis.
In Figure 7 and Table 1 numerical values for different two-loop contributions with one closed fermion are given as a function of the Higgs boson mass M H , using M W = 80.451 [5] , m t = 174.3 [44] and ∆α = 0.05911 [45] . The contributions with two closed fermion loops are not given in the figure and table since they are independent of M H . Numerically, they yield a contribution of ∆r
The Higgs-mass dependence of the two-loop result for ∆r agrees perfectly with the result previously obtained in Ref. [21] .
It can be seen that both corrections with a top-/bottom-loop, ∆r (N tb α 2 ) , and with a light-fermion loop, ∆r (N lf α 2 ) yield important contributions. At first glance it looks surprising that the light-fermion contributions even dominate over the top-/bottom-contributions for large Higgs masses (M H > ∼ 300 GeV), which seems to endanger the validity of the large-m t , and the light-fermion doublets, ∆r (N lf α 2 ) , are given. From the latter the term proportional to ∆α originating from the resummation prescription eq. (57) is subtracted.
expansions [18, 19, 20] . However, in previous analyses, resummation prescriptions [11] have been derived in order to obtain partial terms of the two-loop result. With the replacement
the term 2∆α∆r
bos , generated from the charge renormalisation in bosonic one-loop terms, is correctly predicted [11] , as we have checked by comparing with the full result, ∆r (N lf α 2 ) . Therefore, in order to demonstrate the effect of the new two-loop contribution, the difference
is shown in Figure 7 and Table 1 . This expression does not exceed the top-/bottom contributions for any value of the Higgs mass below 1 TeV. The new contribution to ∆r from diagrams with a light-fermion loop amounts up to 3.3 · 10 −4 which corresponds to a shift in M W of > 5 MeV.
The prediction for M W is obtained from eq. (2) by means of an iterative procedure, since ∆r itself depends on M W ,
In Fig. 8 the prediction for M W based on the results of eq. (56) is shown as a function of M H for m t = 174.3 ± 5.1 GeV [44] and ∆α = 0.05911 ± 0.00036 [45] . For comparison, the present experimental value, M exp W = 80.451 ± 0.033 GeV [5] , and the experimental 95% C.L. lower bound on M H (M H = 114.1 GeV [46] ) from the direct search are also indicated. The plot exhibits the well-known preference for a light Higgs boson within the SM. In particular, the theoretical prediction (including the band from a variation of m t , which at present dominates [20, 47] . The results are shown in Table 2 It should be noted that the deviations in the last column of Table 2 can not be attributed solely to differences in the two-loop fermionic contributions, because the results also differ by a slightly different treatment of higher-order terms that are not yet under control.
In a further analysis, we have aimed at reducing the latter deviations as far as possible in order to focus on the effects from the two-loop top-quark and light-fermion contributions (see also the discussion in Ref. [22] ). While the result of Ref. [20] contains a term ∆r (α) bos 2 generated from the purely bosonic one-loop contributions by the resummation eq. (57), no such term is included in our result. A second possible source of deviation could be caused by different implementations of the QCD corrections. We have therefore performed a comparison in which the QCD corrections were removed from both results. With these modifications the maximum deviation between the results is not decreased, see second column in Table 3 , but the maximal difference in the Higgs-mass dependence It is also interesting to separately examine the effects of the top-bottom contributions that are not contained in Ref. [20] and of the two-loop terms from the remaining light-fermionic flavours. In the third column in Table 3 we have therefore excluded all light-fermionic O(α 2 ) contributions from the comparison. This is achieved by subtracting the expression ∆r (N lf α 2 ) − 2∆r
bos , where the second term 2∆r
bos accounts for the light-fermionic terms that were included in Ref. [20] by means of the resummation presciption eq. (57). The remaining deviations between the results, which now only contain top-/bottom contributions at the two-loop level, are somewhat smaller, while there are larger differences in the Higgs mass dependence of up to 2.8 MeV.
In Ref.
[1] a simple formula was given which parametrises our full result for M W ,
and M Z = 91.1875 GeV [5] Since this region of validity is in general not sufficient for global fits of the Standard Model, here we supply a more elaborate parametrisation, including the dependence on the Z-boson mass, 
Remaining theoretical uncertainties
Presently, the prediction of the W mass from ∆r is mainly affected by the experimental error in the top mass determination, m t = 174.3 ± 5.1 [44] . This induces an error of ∼ 30 MeV in the predicted W mass. It is expected that the LHC can reduce the error on the top mass down to about 1.5 GeV [48] and a high-luminosity linear collider even to below 200 MeV [8] , resulting in an error in the M W -prediction from the m t -uncertainty of ∼ 10 MeV and ∼ 1.2 MeV, respectively. Another important source of uncertainty is the experimental error in the determination of ∆α, which in a recent analysis was quoted to be 36 · 10 −5 [45] , inducing an error of ∼ 6.5 MeV in the predicted W mass. It is expected that this uncertainty will be further reduced significantly in the future [49] . On the other hand, the experimental error of the direct measurement of the W mass, currently 33 MeV, is expected to reduce to 15 MeV for the LHC [7] and 6 MeV for a linear collider running at the W pair threshold [8] .
Concerning the theoretical prediction, there are three main sources for uncertainties induced by unknown higher orders: the missing purely bosonic two-loop contributions, threeloop electroweak contributions and the lowest missing QCD corrections of order O(α 2 α s ) and O(αα For the QCD correction of order O(α 2 α s ), the leading contribution ∝ m 4 t in an expansion for large m t has been calculated in the limit of vanishing Higgs mass [13] . It turned out to result in a W mass shift of only less than 0.5 MeV. However, as explained above, the formally leading term ∝ m 4 t can be suppressed relative to the sub-leading terms, so that the total O(α 2 α s ) contribution could be considerably larger. . This term shifts the W mass by less than 0.5 MeV for M H = 100 GeV, but more than 2.5 MeV for M H = 1 TeV.
We obtain the total theory uncertainty by linearly adding up all sources for theoretical errors. This results in an uncertainty for M W of 6 MeV for light Higgs masses and about 8 MeV for M H ∼ 1 TeV, which is similar to the value given in Ref. [50] . The error band due to these theoretical uncertainties is shown in Figure 9 .
Recently the new two-loop results for the prediction of the W-boson mass have been implemented into the Standard Model fits with Zfitter [51] and are subject to the latest LEP electroweak analyses [5] . While the effect on the predicted value for M W is relatively small compared to the experimental error, it induces a significant shift in the prediction of the effective leptonic weak mixing angle sin 2 θ lept eff according to
where κ incorporates the contributions from radiative corrections. The effect of inserting the new result for M W in eq. (65) instead of the previous result obtained from an expansion in powers of m t [20] amounts to an upward shift of about 8 · 10 −5 , which is about half the experimental error of 17 · 10 −5 [5] . Since the corresponding complete fermionic two-loop corrections for κ are not yet known, this shift has been treated as a theoretical uncertainty and is represented as a rather wide band in the well-known blue-band plot [5] . 7 Higgs-mass dependence of bosonic two-loop result As a first step towards a full O(α 2 ) result for ∆r we have calculated the dependence of the bosonic two-loop corrections on the Higgs-boson mass. This includes the evaluation of all diagrams without closed fermion loops which contain internal Higgs bosons or M H -dependent scalar couplings. Some typical examples are given in Figure 10 . This subset of the complete bosonic two-loop corrections can be evaluated with the methods described in sections 2-4. In particular, the factorisation of IR-divergent QED corrections as in eq. (49) also applies for the bosonic M H -dependent contributions.
In order to study the Higgs-mass dependence, the subtracted quantity
is considered, using a fixed offset value for the Higgs-boson mass, M 0 H = 100 GeV. The contribution of the M H -dependent diagrams to ∆r (α 2 ) bos,sub (M H , M 0 H ) forms a finite and gaugeparameter independent quantity, as we have explicitly checked. This analysis is in analogy to Ref. [21] , were the corresponding quantity for the fermionic two-loop contributions was studied.
In Table 4 the variation of the prediction for the W-mass M W as a function of the Higgs mass M H is shown without and with the bosonic two-loop terms, using the input values of Table 1 . As before the values are given in terms of the subtracted quantity
(67) Figure 11 shows how the slope of the Higgs-mass dependence is modified due to the inclusion of the bosonic two-loop two-loop terms. The maximum change amounts to less than 2 MeV in the region 100 GeV < M H < 1 TeV. As a consequence, from the M H -dependence we get no indications for any particularly large effects in the full bosonic two-loop corrections to ∆r. In this context we would like to point out the observation that the Higgs-mass dependence of the fermionic two-loop corrections [21] provides a rough assessment of the effect of the full two-loop corrections [1] . This supports the estimation in section 6 that the expected size of the purely bosonic O(α 2 ) contributions is relatively small. 
Prospects for future colliders
In the following we illustrate the accuracy that can be reached with future colliders concerning tests of electroweak physics. Taking the current central values of the experimental input values, Fig. 12 shows the situation that can be obtained with the LHC with expected errors for M W and m t of δM W = 15 MeV and δm t = 1.5 GeV, respectively. Even more impressive results could be achieved by a high-luminosity linear collider running at low energies, where errors of δM W = 6 MeV and δm t = 200 MeV may be obtained [8] , see Fig. 13 . In both figures we furthermore assumed that the error in the shift of the electromagnetic fine structure constant, ∆α, will be cut to half of the present value.
Conclusion
In this paper, the evaluation of the complete fermionic two-loop contributions to the M W -M Z mass correlation was described, elucidating the applied techniques and the implications of the new result. The renormalisation within the on-shell scheme was described in detail. In particular, the definition of the gauge-boson masses via the complex pole of the S matrix was studied, ensuring in particular gauge-parameter independence of the renormalised weak mixing angle and the gauge boson masses. The latter requires to take tadpole contributions into account. It was shown how the radiative corrections in the Standard Model can be factorised from the QED corrections within the Fermi Model. The result for M W was expressed in terms of an accurate numerical parametrisation valid for all values of the Higgs mass up to 1 TeV. A detailed comparison with a previous result obtained by an expansion in powers of m t up to next-to-leading order was performed. Here the effects of the top/bottom and light-fermion contributions were studied separately and found to yield a contribution of a few MeV to the prediction of M W each.
Furthermore, the remaining theoretical uncertainties due to unknown higher orders were discussed and an overall uncertainty of the W-boson mass prediction of ∼ 6 MeV was estimated for light Higgs-boson masses. A careful treatment of the theoretical uncertainties proved to be important for precision tests of the Standard Model. The situation for present experimental uncertainties was contrasted to the capabilities of aspired future colliders.
As an additional result, the Higgs-mass dependence of the purely bosonic electroweak two-loop contributions was computed, so that the only yet missing piece of the complete two-loop calculation for ∆r, i. e. muon decay, is a constant (M H -independent) contribution. The numerical impact of the bosonic two-loop corrections on the Higgs-mass dependence of the M W -prediction is relatively small, in accordance with our estimates for theoretical uncertainties.
